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Abstract
We investigate cubic-in-spin effects for inspiralling compact objects binaries, both in the dynam-
ics and the energy flux emitted in gravitational waves, at the leading post-Newtonian order. We use
a Lagrangian formalism to implement finite-size effects, and extend it at cubic order in the spins,
which corresponds to the octupolar order in a multipolar decomposition. This formalism allows
us to derive the equation of motion, equations of precession for the spin, and stress-energy tensor
of each body in covariant form, and admits a formal generalization to any multipolar order. For
spin-induced multipoles, i.e. in the case where the rotation of the compact object is sole respon-
sible for the additional multipole moments, we find a unique structure for the octupolar moment
representing cubic-in-spin effects. We apply these results to compute the associated effects in the
dynamics of compact binary systems, and deduce the corresponding terms in the energy loss rate
due to gravitational waves. These effects enter at the third-and-a-half post-Newtonian order, and
can be important for binaries involving rapidly spinning black holes. We provide simplified results
for spin-aligned, circular orbits, and discuss the quantitative importance of the new contributions.
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I. INTRODUCTION
The advent of a new generation of ground-based gravitational wave detectors such as
advanced LIGO [1] and advanced Virgo [2], complemented by GEO [3] and in a few years
KAGRA [4], will bring gravitational wave astronomy in its observational era. Further on the
way, space-based detectors such as eLISA [5] will enlarge the scope of the observations by
targeting a lower frequency band. The most promising sources for both classes of detectors
are the inspirals and coalescence of compact object binaries, neutron stars and/or stellar
mass black holes for ground-based detectors and massive black holes for the space-based
ones.
Data analysis techniques require an accurate modelling of the expected gravitational
wave signals, to ensure detection in the search pipelines and to reduce systematic biases on
parameter estimation in subsequent analyses (see e.g. [6, 7]). This has driven a lot of effort
to improve the theoretical prediction for the radiation emitted by a binary system in general
relativity. Among the different and complementary approaches to the problem, the post-
Newtonian theory (abbreviated throughout the paper as PN) allow to cover the long inspiral
phase with an analytic expansion [8], and also serve as a basis for the effective-one-body
inspiral-merger-ringdown templates [9].
Astrophysical observations suggest that black holes can be commonly close to extremally
spinning with χ . 1 (see e.g. [10, 11] for stellar mass black holes and [12, 13] for supermassive
black holes), while neutron stars are expected to have limited spins, with χ ≤ 0.1 (of the
order of 0.4 for the fastest known millisecond pulsar [14]). Including the effects of the spins1
in templates is therefore important, at least for black holes, and higher orders in spin beyond
the linear level can be significant.
The purpose of this paper is to continue a serie of previous works [15–21], extending
the knowledge of spin effects in the dynamics and gravitational waves emitted by such
compact object binaries, by computing the cubic-in-spin terms that enter the problem at
the 3.5PN order. To this end, we extend to the octupolar order a previously proposed
Lagrangian formalism to represent spin-induced finite size effects for compact objects in
general relativity.
The study of the motion of compact objects with spin has been ongoing since the seminal
works of Mathisson [22–24] and Papapetrou [25], that established the form of the equations
of motion and precession at linear order in the spins. Two main routes have been explored
to generalize their results and to cover finite-size effects, including the spin-induced ones,
that is when the compact object is deformed by its rotation, which enter at quadratic and
higher order in spin. In the first route, the object is treated as a point particle with a
stress-energy tensor that takes the form a gravitational “skeleton”, with coefficients that,
after some redefinitions, are recast in the form of a spin tensor and higher multipoles.
This approach has been developed notably by Tulczyjew and Dixon (see e.g. [26–31] for a
modern application of this approach at quadrupolar order). The second route, pioneered by
Hanson and Regge [32] for special relativity (see also the earlier works [33, 34]), consists in
introducing angular degrees of freedom for the point particle in a Lagrangian formalism. A
quite general treatment of spinning particles in general relativity, including the generalized
action described in section II, has been proposed by Bailey and Israel [35]. This Lagrangian
approach has been subsequently developed in the framework of the effective field theory
(hereafter EFT) approach to binary systems in [36]. It has also been used to build the
1 We use “spin” to denote the angular momentum of the compact objects, in a purely classical sense.
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Hamiltonian of a spinning test particle in a background spacetime [37], and in the context
of the reduced Hamiltonian approach to the two-body problem in the Arnowitt-Deser-Misner
(ADM) formalism [38].
Once the formalism for spinning extended bodies is established, it can be specialized to
the case where the additional structure of the particle is induced by its spin only. Other
finite-size effects such as tidal effects can also be represented with an effective action [39, 40],
but for compact objects the effacement principle ensures that they will be formally of the
5PN order [41] and, although important in the last stages of binary neutron stars inspirals,
we leave them aside in this paper. The spin-induced quadrupolar moment, proportional to
the square of the spin, has been introduced in the context of binary systems in [42], and
covariantly generalized for the EFT [43] and ADM [38] approaches, as well as in the harmonic
coordinates framework that we are using [17]. At cubic order in spin, only recently has the
leading-order coupling been written down in the EFT framework in [44], which contains
also a similar study at the quartic-in-spin level. The spin-induced moments are proportional
to constants, one at each multipolar order, that describe in general the internal structure
of the compact object. They can be determined analytically for Kerr black holes and the
quadrupolar one has been computed numerically for neutron star models [45].
The results of this formalism can then be used in the context of the post-Newtonian
approximation for binary systems. The derivation of the spin effects both in the dynamics
and gravitational waves emitted has a long history, and we give here only an overview of
recent results2, using (here and througout the paper) the following abbreviations: NS stands
for the no-spin terms, SO for spin-orbit (or linear-in-spin), SS for quadratic-in-spin and SSS
for cubic-in-spin. In the ADM approach, the NS dynamics has been computed3 to the 4PN
order [49–51], the SO dynamics to the 3.5PN order [52–54], and the SS dynamics to the
3PN order [55] for the self terms S21 , S
2
2 and to the 4PN order [56] for the cross terms S1S2.
In the EFT approach, the NS dynamics has been recovered at 3PN in [57], the formalism
for the inclusion of spins has been tackled in [36], and the SO 2.5PN order [58, 59], the
S21 , S
2
2 3PN order [43] and the S1S2 3PN [60, 61] and 4PN order [62] have been obtained.
The non-trivial consistency with the ADM results has been investigated for the quadratic
order in spin in [59, 61, 63, 64]. The EFT approach can also be applied to the gravitational
wave generation, and partial results have been given for the spin terms in the 3PN energy
flux [65] and the 2.5PN waveform [66]. Finally, approach in harmonic coordinates approach
that we follow in this paper and the associated multipolar post-Newtonian wave generation
formalism (see [8] for a review), the dynamics has been obtained to the NS 3.5PN order [67–
71], the SO 3.5PN order [15, 18, 19], and the SS 2PN order [17], together with the energy flux
at the NS 3.5PN order [72–74], the SO 4PN order [16, 20, 21], and the SS 2PN order [17],
and finally the waveform amplitude at the NS 3PN order [75] (and at 3.5PN order for the 22
mode [76]), the SO 1.5PN order [16, 77], and the SS 2PN order [17]. The completion of the
SS dynamics and energy flux to the 3PN order has been recently achieved [78]. Another class
of results supplementing the classical PN ones are the effects of tidal heating and torquing
of black holes, or absorbed fluxes through the horizon (see e.g [79–81]). These effects enter
at the 4PN order in the non-spinning case, but at 2.5PN when spins are present, and yield
a contribution to the phase evolution of the binary.
Beyond the quadratic order in spin, the leading order cubic and quartic in spin Hamilto-
2 Other modern PN results not detailed here are due to the DIRE formalism [46] and to the surface-integral
approach [47].
3 With one remaining constant being determined by an analytic self-force calculation [48].
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nians were obtained for Kerr black holes in [82, 83], using an indirect method4. The recent
work [44] used the EFT approach to obtain a generalization of these for a general compact
object (and corrected the results at quartic order). Our work confirms the SSS part of the
results of [44] for the dynamics, and complements them with the computation of the grav-
itational wave energy flux. Another recent article recovered partially these results for the
dynamics [84], using a different flavor of the EFT approach.
The paper is organized as follows. We first lay down the general formalism for extended
particles with spin at the octupolar order, introducing couplings to the Riemann tensor and
its derivative, in section II. In section III, we work out the consequences of enforcing the spin
supplementary condition, while in section IV, we investigate the structure of the quadrupolar
and octupolar moments in the spin-induced case. Section V presents the necessary formalism
for PN calculations and gives the results for the dynamics, and finally section VI does the
same for the emitted energy flux and contains a discussion of the quantitative importance of
the new contributions in the case of circular spin-aligned orbits. We present a generalization
of the formalism to higher multipolar order in appendix A, and compare our results with
the ones obtained for the dynamics in the ADM and EFT methods in appendix B.
Throughout the paper, 1PN order corresponds to v2/c2 ∼ Gm/rc2, and we use the
notation O(n) = O(1/cn). We adopt the (−+ ++) sign convention for the metric, and we
scale the spin variables as S = cStrue = Gm
2χ, with χ the dimensionless spin parameter
comprised between 0 and 1. Greek indices stand for spacetime indices, and latin indices will
represent spatial, Euclidean indices. We will set G = c = 1 in the first part of the paper,
and restore them in the sections V and VI where PN results are presented.
II. LAGRANGIAN FORMALISM FOR SPINNING PARTICLES
In this section, we present the general Lagrangian formalism for spinning point particles,
including finite size effects up to the octupolar order. The early and quite general treatment
by Bailey and Israel [35] of spinning particles in general relativity already contains many of
the results presented here, but we choose to give a comprehensive presentation.
A. Definitions
We shall first lay down the necessary definitions for our Lagrangian formalism for point
particles with spins. The particle worldline will be parametrized by τ , and described by the
coordinates zρ(τ) and the 4-velocity uµ ≡ dzµ/dτ . At the level of the Lagrangian, τ will be
a freely specifiable parameter and uµ will not be normalized; at the level of the equations of
motion, after variation of the action, we will choose for τ the proper time parameter with
uµu
µ = −1. We keep the same notation τ in both contexts.
The central idea of this Lagrangian formalism for particles with spin, introduced by
Hanson and Regge in the framework of special relativity [32], is to represent the rotational
degrees of freedom of the compact object using an orthonormal tetrad ǫ µA (τ) attached to
the worldline, and to relate it to a background tetrad field e µa (x). Both are orthonormal
and verify (with η the Minkowski metric)
e µa ebµ = ηab , e
µ
a e
aν = gµν ,
4 Namely, by constraining the terms allowed in the Hamiltonian by imposing the test-mass limit of a particle
around orbiting a Kerr black hole, and by requiring the completion of the Poincare´ algebra
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ǫ µA ǫBµ = ηAB , ǫ
µ
A ǫ
Aν = gµν . (2.1)
The tetrad indices a, A = 0, 1, 2, 3 are raised and lowered with the Minkowski metric η. The
two tetrads are related by Lorentz matrices Λ aA (τ) according to the relations
e µa (z(τ)) = Λ
A
a(τ)ǫ
µ
A (τ) , (2.2)
Λ aA ΛBa = ηAB , ΛAaΛ
A
b = ηab . (2.3)
These Lorentz matrices encompass six degrees of freedom, representing three rotational
degrees of freedom and three additional boost parameters. The three excess parameters are
related to the ambiguity remaining in the choice of the worldline inside the compact body,
which affects the definition of the angular momentum. This choice is to be fixed by imposing
a spin supplementary condition (hereafter SSC) on the spin tensor, as explained in III. Along
the worldline, we also define in the usual way the antisymmetric rotation coefficients for the
body-fixed tetrad
Ωµν ≡ ǫAµDǫ
ν
A
dτ
, (2.4)
where throughout the paper D/dτ ≡ uν∇ν .
From these definitions, we take as an Ansatz for the action of the point particle with spin
that it depends kinematically only on uµ and Ωµν , thus excluding from our formalism any
dynamical departure from a solid body description (such as oscillations in neutron stars).
The action will also depend on the metric around the position of the compact object. The
implementation of finite-size effects is done by allowing a coupling to the derivatives of the
metric as evaluated on the worldline. These derivatives can be written in a covariant form
using the Riemann tensor and its symmetrized covariant derivatives [35] (in fact, only the
Weyl tensor will contribute [85]; in keeping with the literature, we write the formalism in
terms of the Riemann tensor). Here, we are interested in the cubic-in-spins dynamics and we
restrain ourselves to the octupolar order, i.e. to the first derivative of the Riemann tensor.
We will describe in the appendix A the extension of this part of the formalism for general
bodies with arbitrary derivative couplings. Our Ansatz for the action is therefore
S =
∫
dτ L [uµ,Ωµν , gµν , Rµνρσ,∇λRµνρσ] . (2.5)
The dynamical variables in the problem are the position zµ and the tetrad ǫ µA (or equiv-
alently the Lorentz matrices Λ aA ). We define then the linear momentum pµ and the spin
tensor Sµν as the conjuguate momenta of the positional and rotational degrees of freedom,
and we also define the quadrupole moment Jµνρσ and octupole moment Jλµνρσ according to
pµ ≡ ∂L
∂uµ
, Sµν ≡ 2 ∂L
∂Ωµν
Jµνρσ ≡ −6 ∂L
∂Rµνρσ
, Jλµνρσ ≡ −12 ∂L
∂∇λRµνρσ . (2.6)
Notice that, from this very definition, Jµνρσ has the same symmetries as the Riemann
tensor, and Jλµνρσ is Riemann symmetric on its four last indices and also verifies, due to the
Bianchi identity, J [λµν]ρσ = 0. These moments are non-dynamical, and the choice of names
“quadrupole moment” and “octupole moment” will become clear from their leading order
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contribution to the metric around the body in section V. The relation of these multipole
moments to Dixon’s [27–30] is detailed in appendix A. It is crucial that the dynamical
degrees of freedom enter the Lagrangian only through uµ and Ωµν . The factors −6 and −12
are chosen for consistency of the notation with the literature (see the appendix A). Thus,
the generic variation of L will be
δL = pµδu
µ +
1
2
SµνδΩ
µν +
∂L
∂gµν
δgµν − 1
6
JµνρσδRµνρσ − 1
12
Jλµνρσδ∇λRµνρσ . (2.7)
B. Scalar condition and homogeneity
An important condition that we impose on this Lagrangian is that it must be a covariant
scalar (the action will automatically be a Lorentz scalar with respect to transformations of
the tetrad). As a consequence, by writing in (2.7) the variation of all the tensors under an
infinitesimal change of coordinates xµ → xµ + ζµ, one obtains that the invariance of the
Lagrangian imposes
2
∂L
∂gµν
= pµuν + SµρΩνρ +
2
3
RµλρσJ
νλρσ +
1
3
Jλντρσ∇λRµτρσ +
1
12
Jνλτρσ∇µRλτρσ . (2.8)
This relation can be used to eliminate the partial derivative ∂L/∂gµν from the variation in
(2.7).
The reparametrization invariance of the action (2.5) with respect to the choice of τ has
another consequence. The invariance of the action through a scaling τ → λτ imposes that it
must be homogeneous of degree one in uµ and Ωµ, which by Euler’s theorem for homogeneous
functions imposes
L = pµu
µ +
1
2
SµνΩ
µν , (2.9)
where all the dependence of the action on the Riemann tensor is hidden in the conjugate
momenta pµ and Sµν .
C. Precession equation
The precession equation, or evolution equation for the spins, is obtained by varying the
action (2.5) with respect to the internal freedom of the body-fixed tetrad, keeping fixed the
worldline and the background tetrad e µa (hence, the metric). This variation is represented
by the antisymmetric quantities
δθab ≡ ΛAaδΛ bA , (2.10)
which have six degrees of freedom, like the Lorentz transform relating e µa and ǫ
µ
A . The
variation of the components Ωab = eaµe
b
νΩ
µν is given by
δΩab = eaµe
b
ν
Dδθµν
dτ
+ Ωacδθ
cb − Ωbcδθca , (2.11)
where we use δθµν = e µa e
ν
b δθ
ab. By writing this variation in (2.7), doing the appropriate
integrations by parts and using the fact that δθab is arbitrary, one obtains
DSµν
dτ
= ΩµρS
νρ − ΩνρSµρ . (2.12)
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Notice that this precession equation is universal in this form, in the sense that it depends only
on the kinematic structure for the body-fixed tetrad in the Lagrangian. It is independent of
the (possibly derivatives of) Riemann tensor couplings in the Lagrangian, and this remains
valid at any multipolar order (see the appendix A). A direct consequence of (2.12) is the
existence of a conserved spin length, defined as
s2 ≡ 1
2
SµνS
µν . (2.13)
Its conservation ds/dτ = 0 follows directly from SρµΩ
µνSνρ = 0, and is very general as we
have seen. In particular, it is also fully independent of the spin supplementary condition
(see section III).
The result (2.12) can also be rewritten as the conservation of the body-frame tetrad
components of the spin tensor SAB = ǫAµǫ
B
νS
µν (which are scalars for ∇)
dSAB
dτ
= 0 . (2.14)
By taking into account the scalar condition (2.8), (2.12) can be rewritten in a form that now
depends on the Riemann tensor couplings and where Ωµν has been eliminated:
DSµν
dτ
= 2p[µuν] +
4
3
R
[µ
λρσJ
ν]λρσ +
2
3
∇λR[µτρσJ ν]τρσλ +
1
6
∇[µRλτρσJν]λτρσ . (2.15)
This is the form of the spin precession equation that is produced by the stress-energy tensor
approach, and the result is well known at quadrupolar order (see e.g. [31]). The generaliza-
tion to higher multipolar orders can be obtained straightforwardly by adding the necessary
terms in the scalar condition (2.8) (see the appendix A).
D. Equation of motion
The equation of motion is obtained by varying with respect to the worldline of the par-
ticle [35]. To this end, we use the same setup as the one commonly used to derive the
geodesic deviation equation. We consider a family of worldlines, defined in the vicinity of
the original worldline, forming a 2-surface on which we introduce coordinates (τ, λ) and a
vector ξµ such that (u, ξ) = (∂τ , ∂λ) and Luξµ = 0. We thus have the commutation relation
ξρ∇ρuµ = uρ∇ρξµ.
We can now use the requirement that the Lagrangian has to be a scalar to keep the
variation entirely covariant, by writing
δS =
∫
dτξρ∂ρL =
∫
dτξρ∇ρL . (2.16)
The relevant variations (rewritten as δ ≡ ξρ∇ρ) then take the simple forms
δuµ =
Dξµ
dτ
,
δΩµν = − D
dτ
(
ǫAµδǫ νA
)
+ ǫAµ
Dδǫ νA
dτ
− ǫAνDδǫ
µ
A
dτ
− ξρuσRµνρσ ,
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δRµνρσ = ξ
λ∇λRµνρσ , δ∇λRµνρσ = ξτ∇τ∇λRµνρσ , (2.17)
and we have simply δgµν = 0. Notice that the variation of the tetrad δǫ
µ
A = ξ
ρ∇ρǫ µA with
the worldline is freely specifiable. One can for instance impose parallel transport from the
original worldline to the perturbed one and assume δǫ µA = 0. By writing these variations
in (2.7), after integration by parts and using the arbitrariness of the displacement ξµ, one
obtains
Dpµ
dτ
= −1
2
Rµνρσu
νSρσ − 1
6
Jλνρσ∇µRλνρσ − 1
12
Jτλνρσ∇µ∇τRλνρσ , (2.18)
a result well-known to the quadrupolar order (already present in [35]). By keeping the vari-
ation of the tetrad unspecified, we would obtain, in factor of ǫAµδǫ νA , a term which vanishes
identically by taking into account (2.12). Again, the generalization to higher multipolar
order is straightforward (see the appendix A).
E. Stress-energy tensor
We consider the 4-dimensional rewriting of the action (2.5), using a Dirac delta:
S =
∫
d4x
√
−g(x)
∫
dτ L [uµ,Ωµν , gµν , Rµνρσ,∇λRµνρσ] δ
4(x− z(τ))√−g(x) . (2.19)
To obtain the stress-energy tensor of the particle, we keep fixed the worldline and the
matrices Λ aA , and we vary with respect to the tetrad e
µ
a . We define as usual the stress-
energy tensor as the functional derivative
T µν ≡ 1√−ge
a(µ δS
δeaν)
. (2.20)
The individual variations are given by
δgµν = 2ea(µδe
a
ν) ,
δΩµν = −2Ωρ[µδe ν]a eaρ +
D
dτ
(
ea[µδe ν]a
)− uσ∇[µ (δe ν]a eaσ)− uσ∇[µ (e ν]a δeaσ) , (2.21)
and we also have
JµνρσδRµνρσ = J
µνρσ
(
2∇µ∇σδgνρ +Rλνρσδgµλ
)
,
Jλµνρσδ∇λRµνρσ = 2Jλρµνσ∇λ∇ρ∇σδgµν + δgµνJλµξρσ∇λRνξρσ
+
(
2JµνξρσRλξρσ − 2JµλξρσRνξρσ − JλµξρσRνξρσ
)∇λδgµν , (2.22)
By writing the variation in (2.7), we get that the term proportional to ea[µδe
ν]
a cancels again
identically by virtue of the precession equation (2.12). We also use the scalar condition (2.8)
to replace the derivative ∂L/∂gµν .
As a result of the variation, after integrations by parts one obtains the well-known pole-
dipole contribution
T µνpole−dipole =
∫
dτp(µuν)
δ4(x− z)√−g −∇ρ
∫
dτSρ(µuν)
δ4(x− z)√−g , (2.23)
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as well as the quadrupolar terms
T µνquad =
∫
dτ
1
3
R
(µ
λρσJ
ν)λρσ δ
4(x− z)√−g −∇ρ∇σ
∫
dτ
2
3
Jρ(µν)σ
δ4(x− z)√−g , (2.24)
which agrees with [17, 31] at quadrupolar order, and the octupolar contribution
T µνoct =
∫
dτ
[
1
6
∇λR(µξρσJ ν)ξρσλ +
1
12
∇(µRξτρσJν)ξτρσ
]
δ4(x− z)√−g
+∇ρ
∫
dτ
[
−1
6
R
(µ
ξλσJ
|ρ|ν)ξλσ − 1
3
R
(µ
ξλσJ
ν)ρξλσ +
1
3
RρξλσJ
(µν)ξλσ
]
δ4(x− z)√−g
+∇λ∇ρ∇σ
∫
dτ
1
3
Jσρ(µν)λ
δ4(x− z)√−g . (2.25)
When we will apply this formalism to compact object binaries and compute the leading-
order cubic-in-spin effects, only the last term with triple derivatives will matter, as the other
ones will be subdominant in a post-Newtonian context. One can see this already from the
occurence of a Riemann tensor, which introduces a relative 1PN order at least, whereas the
two additional derivatives in the last term can be spatial derivatives which leave the PN
order unaffected.
III. SPIN SUPPLEMENTARY CONDITION, DEFINITION OF THE MASS AND
CONSERVED NORM SPIN VECTOR
The three extraneous degrees of freedom contained in the Lorentz matrices (2.2) require
to impose a spin supplementary condition (SSC) to close the system of equation describing
the dynamics. This is already true in special relativity [32] and has been established early
on (see e.g. [26, 86]). The freedom in the choice of the SSC is related to the freedom in the
choice of the worldline representing the motion inside the body. The SSC takes the form
VνS
µν = 0, with V µ a timelike vector, which indeed imposes three additional constraints. A
panorama of the different possible choices and their interpretation is given in [87]. In line
with our previous work, we use in this article the Tulczyjew covariant spin supplementary
condition [26]
Sµνpν = 0 . (3.1)
The choice of SSC plays an important role in establishing a Hamiltonian formalism for a
spinning particle [37, 38], and care must be taken when working with a reduced Hamiltonian
(or Routhian) about how it is enforced [63]. In our case, however, since we are working at the
level of the equations of motion and not at the level of a reduced Routhian or Hamiltonian,
we will simply enforce it by hand. The use of different SSCs leads however to the spin
variables to be a priori different, and this must be taken into account when comparing
results obtained in different formalisms as we do in appendix B.
Before investigating the consequences of (3.1), let us introduce a mass m as the norm of
the linear momentum, according to
m2 ≡ −pµpµ . (3.2)
Notice that this mass m will not be conserved in general, as shown below. In the following,
we will work perturbatively up to the cubic order in spin. At linear order in spin, we have
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the simple correspondence pµ = muµ +O(S2), hence also Sµνuν = O(S3). Anticipating on
the section IV, we will also write that for the spin-induced quadrupole, Jµνρσ = O(S2).
From the conservation along the worldline of Sµνpν = 0, using the equations of motion
and precession (2.18) and (2.15), we obtain
(uνpν)p
µ +m2uµ =
1
2
SµνRνλρσu
λSρσ +
4
3
pνR
[ν
λρσJ
µ]λρσ
+
1
6
SµνJλτρσ∇νRλτρσ + 1
12
SµνJξλτρσ∇ν∇ξRλτρσ
+
2
3
pν∇λR[ντρσJ µ]τρσλ +
1
6
pν∇[νRλτρσJµ]λτρσ +O(S4) . (3.3)
Contracted again with uµ, this gives pµu
µ = −m + O(S4), and from there the relation
between pµ and uµ
pµ = muµ − 1
2m
SµνRνλρσu
λSρσ +
4
3
R
[µ
λρσJ
ν]λρσuν
+
2
3
uν∇λR[µτρσJ ν]τρσλ +
1
6
uν∇[µRλτρσJν]λτρσ − 1
6m
SµνJλτρσ∇νRλτρσ +O(S4) . (3.4)
We will see in section V that, at the leading 3.5PN order for the cubic in spin effects, the
additional terms in this relation do contribute.
We can now turn to the equation of evolution of the mass m itself. By using (2.18)
and (3.4), we get
dm
dτ
=
1
2m
pµuνRµνρσS
ρσ +
1
6
Jλνρσ
D
dτ
Rλνρσ +
1
12
Jτλνρσ
D
dτ
∇τRλνρσ +O(S4) . (3.5)
At quadratic order in spin, under the hypothesis that DJµνρσ/dτ = O(S3), which will be
verified if Jµνρσ can be expressed with Sµν , uµ only and is quadratic in spin (as for the
spin-induced quadrupole (4.8) below), one can define a conserved mass according to
m˜ ≡ −pµuµ − 1
6
JλνρσRλνρσ ,
dm˜
dτ
= O(S3) . (3.6)
The additional term in this conserved mass is found to contribute at 3PN, and must be
taken into account at this order [78]. However, since we will be working at leading PN order
for the SSS effects, this contribution can be ignored as it is of a relative 1PN order.
At cubic order in spin, by contrast, one can see that the two first terms of (3.5) yield
both O(S3) contributions that cannot be rewritten as a single time derivative, therefore it
does not seem possible to absorb the right-hand side in a redefinition of the mass. However,
we checked that these additional SSS terms intervene only at the 4.5PN order, that is at
1PN relative order, and we can safely ignore them in our leading-order study.
Notice that here we keep the form of the Lagrangian unspecified; if one were to write
explicitly a particular Lagrangian (2.5) [88], the relation between pµ and umu would follow,
and a conserved mass could appear simply as a constant parameter in the action.
After having specified the SSC (3.1), one can also construct a spin vector Sµ, using the
fact that it is normal to the unit vector pµ/m, according to
Sµ = −1
2
ǫµνρσ
pν
m
Sρσ , Sµν = ǫµνρσ
pρ
m
Sσ , (3.7)
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with ǫµνρσ the Levi-Civita tensor
5. Using pµS
µ = 0 and SµS
µ = s2, one can build a Euclidean
conserved norm spin vector that will be very convenient for the presentation of PN results,
following a geometric prescription described in [19] (see also [52]). An orthonormal tetrad
eA = (e0, eI) is introduced, with e
µ
0 = p
µ/m, so that s2 = δIJSISJ with SI = e
µ
I Sµ. The
Euclidean conserved norm spin vector is then identified to SI , with the prescription that
eIi is the symmetric square root of γij = gij + pipj/m
2. This spin vector then verifies a
precession equation of the form S˙ = Ω× S [19, 78].
In practice, it turns out that the corrections in the relation between the spin tensor and
this spin vector are of order O(2) for the SO terms, O(5) for the SS terms and O(6) for
the SSS terms. Since we will be working with a leading-order scheme, at O(0) for the NS
terms, O(3) for the SO terms, O(4) for the SS terms, and finally O(7) for the SSS terms, we
will not need to compute these contributions. We will therefore use only the leading order
definition of this conserved norm spin vector, which is simply (with i, j, k spatial Euclidean
indices and Sij the spatial components of the spin tensor Sµν , see section V)
Si =
1
2
εijkS
jk , Sij = εijkSk . (3.8)
IV. SPIN-INDUCED MULTIPOLES
We now investigate the structure of the quadrupole and octupole moments if they are
induced by the rotation of the object only. Thus, our central assumption will be that
these multipoles can be expressed only with the spin tensor, mass and velocity (or linear
momentum). The leading order couplings in the Lagrangian have been written down up to
the quartic-in-spin order in [44]. Note that additionally to such spin-induced effects, tidal
effects can be represented in an effective action formalism as well [40].
An important point is that we can in fact remove all dependency of the action on the
Ricci tensor Rµν , so that only the Weyl tensor Cµνρσ intervenes instead of the Riemann
tensor. This has been stressed in [85] (see also [39] in the EFT context) and is due to the
fact that a quantity that is proportional to the field equations can be absorbed in a local
redefinition of the fields and dynamical variables.
We will work in a formal expansion in spin, and our goal is to write a census of the
possible scalars in the action that can be built at each order in spin, allowing us to deduce
the associated multipole moments. We shall write the couplings in the Lagrangian directly
in terms of the linear momentum pµ and spin tensor Sµν , which were defined as the conjugate
momenta of uµ and Ωµν in II. We can for instance assume that the action takes the form [17,
32, 36, 38]
L = −mu+ I
4u
ΩµνΩ
µν + . . . , (4.1)
with I the inertia momentum and where u =
√−uµuµ ensures the homogeneity of the action.
From here we can invert order by order to replace uµ and Ωµν by
uµ = pµ/m+ . . . , Ωµν = Sµν/I + . . . . (4.2)
Here the ellipses do not represent an expansion in the spin, but rather a perturbative PN
expansion.
5 We adopt the convention ǫµνρσ =
√−g[µνρσ] with the antisymmetric symbol [0123] = +1. Notice that
this differs from the convention of [19].
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Since the multipoles are given by derivatives of the Lagrangian with respect to the Rie-
mann tensor, terms in the action displaying the contraction V µ = pνS
µν will give contri-
butions in the multipoles that will vanish after imposing the SSC V µ = 0 at the level of
the equations of motion6. We therefore ignore this possible terms and use the orthogonality
relation of the SSC to reduce the possible choices for the action. Since pµ = muµ +O(S2),
we will use uµ instead of the unit vector pµ/m for convenience7.
So far, we have left still considerable freedom in the Lagrangian introduced in section II,
but we will also assume that dimensionful quantities (such as the inertia momentum I)
appear only in the expected way, such that only the spin, the mass and the velocity (or p/m)
appear in the expansion in spin of the action. With these restrictions, dimensional analysis
shows readily that the structure at quadrupolar order will be RSS/m, and at octupolar
order ∇RSSS/m2. Notice that at quartic order, two terms can appear, RRSSSS/m3
(contributing to the quadrupole) and ∇∇RSSSS/m3 (contributing to the hexadecapole).
Also, one should remember that there is in general more than one definition of the mass, as
shown in section III.
A. Quadrupolar order
The form of the spin-induced quadrupole is already well known, but we present here a
derivation for completeness. It will be useful to introduce the Bel decomposition of the
Weyl tensor [89] with respect to uµ. One defines the electric and magnetic components of
the Weyl tensor as8
Gµν ≡ −Cµανβuαuβ ,
Hµν ≡ 2∗Cµανβuαuβ , (4.3)
with ∗Cµνρσ ≡ 1/2ǫµναβCαβρσ the dual of the Weyl tensor. They are both symmetric,
traceless and orthogonal to uµ, and they have thus 5 independent components each, which
matches the 10 components of the Weyl tensor. One can build an inverse formula, expressing
the Weyl tensor with these tidal tensors as
Cµνρσ = 4gγ[µGν][ρδ
γ
σ] + 8u[µGν][ρuσ]
+ ǫ λτµν uλHτ [ρuσ] + ǫ
λτ
ρσ uλHτ [µuν] , (4.4)
which is equivalent, by replacing the tidal tensors, to
Cµνρσ = 4gγ[µCν]αβ[ρδ
γ
σ] u
αuβ + 2Cµνα[ρuσ]u
α + 2Cρσα[µuν]u
α . (4.5)
Notice that this decomposition is dimension-dependent. In the following, we will use the
following convenient notation for the square of the spin tensor
Θµν ≡ SµλSνλ , (4.6)
which is symmetric.
6 See [38, 61, 63] for the imposition of the SSC at the level of the action.
7 The distinction should be made, however, at quartic order in spin.
8 Various conventions exist in the literature; here, we follow those of [17, 40].
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Because uµ is orthogonal to Sµν , at first glance we have only three possible couplings
(excluding parity-violating couplings featuring ǫµνρσ), given by [36]
(i) CµνρσS
µρuνuσ
(ii) CµνρσS
µνSρσ
(iii) CµνρσS
µρSνσ .
The terms (ii) and (iii) are in fact related by the Bianchi identity, (ii) = 2(iii), and the
decomposition (4.5) readily shows that they are amenable to the first term (i).
Thus, we are left with a single coupling in the Lagrangian, with an undetermined constant
that we denote by κ (CES2 in [36, 44]), introducing u for homogeneity,
(L)C =
κ
2mu
Cµνρσu
µSνξS
ρξuσ =
κ
2m
GµνΘ
µν , (4.7)
The resulting expression for the spin-induced quadrupolar moment Jµνρσ = −6 ∂L/∂Rµνρσ
is
Jµνρσ =
3κ
m
u[µSν]λS
[ρ
λ u
σ] , (4.8)
for which one can check that it has the symmetries of the Riemann tensor and also satisfies
the Bianchi identity J [µνρ]σ = 0.
B. Octupolar order
At the octupolar order, one can introduce a generalization of the previous decomposition
according to
Gµνρ ≡ −∇⊥(µCν|α|ρ)βuαuβ ,
Hµνρ ≡ 2∇⊥(µ∗Cν|α|ρ)βuαuβ , (4.9)
with ∇⊥µ = (δ νµ + uµuν)∇ν the derivative projected othogonally to uµ. The tensors Gµνρ
and Hµνρ are again symmetric, trace-free and orthogonal to u
µ. It is possible to write down
decomposition formulas analogous to (4.4) and (4.5), using also the projections, similar
to (4.3), of the derivative DCµνρσ/dτ (see for instance [90] for expressions in a particular
coordinate system). However, we find that looking directly at the Weyl tensor will be
simpler.
Terms with ∇µCµνρσ are not allowed due to the vanishing of the Ricci tensor and the
Bianchi identity. Now, from the parity of the number of indices, we see that there should
be an odd number of u contracted with ∇C. With 3 u’s, one has D/dτCµανβuαuβ, which
is symmetric. But we can only contract it with (SρσSρσ)S
µν and SµρSρσS
σν , both antisym-
metric; among the terms with one contraction with u, similarly, we cannot have D/dτRµνρσ
contracted with S,Θ. We are left with three possible terms
(i) ΘµνSρσ∇µCνρσαuα
(ii) ΘµσSνρ∇µCνρσαuα
(iii) ΘρσSµν∇µCνρσαuα , (4.10)
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which can be rewritten thanks to Bianchi identities to obtain (i) = −1/2(ii) = (iii). We
have thus only one possible coupling, which can be written in either one of the three forms
above (introducing the constant λ, noted CBS3 in [44])
(L)∇C = −
λ
12m2u2
∇λCµνραΘλρSµνuα = − λ
24m2u2
Hµνρǫ
µ
αβγΘ
νρSαβuγ , (4.11)
This expression is in agreement with the one proposed recently in [44]9.
Next, we evaluate the derivative Jλµνρσ = −12 ∂L/∂∇λCµνρσ by finding a combination
of the three different terms above that has all the required symmetries, including the two
Bianchi identities. It is given by
Jλµνρσ =
λ
4m2
[
Θλ[µuν]Sρσ +Θλ[ρuσ]Sµν
−Θλ[µSν][ρuσ] −Θλ[ρSσ][µuν]
−Sλ[µΘν][ρuσ] − Sλ[ρΘσ][µuν]] . (4.12)
The constants κ, λ characterize the deformation of the compact object due to its spin. In
the black hole case, they can be fixed by comparison with an isolated Kerr black hole, for
instance by comparing the leading multipoles of the PN metric to their Kerr expressions, or
by comparing the resulting dynamics with the known orbits of a test particle in the Kerr
background. Numerical factors have been arranged so that κ = λ = 1 for black holes.
For neutron stars however, a numerical computation for an isolated star is required [45],
yielding κ ∼ 4 − 8 depending on the equation of state. The value of λ for neutron stars is
yet unknown.
V. LEADING ORDER CUBIC-IN-SPIN EFFECTS IN THE POST-NEWTONIAN
DYNAMICS
A. General setting and definitions
In this section and the next one, we will apply the formalism presented above to the
computation of cubic-in-spin effects for inspiralling compact binaries, both in the dynamics
and in the gravitational waves emitted. Both objects will be modelled as compact, point-like
objects carrying a spin and a multipolar structure that is assumed to be induced by rotation
only, as described above.
As in previous works [18–21], we use an approach in harmonic coordinates (see [8] for
a review). We work directly at the level of the equations of motion, by contrast with the
other methods such as the ADM and EFT approaches, having in mind the application
of these results to the multipolar post-Newtonian wave generation formalism in harmonic
coordinates, which is done is the next section. To deal with the singularities introduced by
the treatment of the two bodies as point particles, since we are working at leading order we
can simply apply the Hadamard regularization procedure described in [91].
The qualitative structure of the equations of motion, with various spin orders entering at
various PN orders, is as follows (see [8] for more details)
A = ANS +
1
c3
ASO +
1
c4
ASS +
1
c7
ASSS +O(8) , (5.1)
9 Notice a change of sign in the second equality due to the opposite signature of the metric in [44]
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where we only indicate the leading order terms (each spin order also has 1PN relative and
higher corrections, and radiation reaction also enters at the 2.5PN relative order for each
spin sector). The fact that the SSS contributions enter at the 3.5PN order, and not at the
2.5PN order, is natural when considering the structure of the Kerr metric, where cubic-in-
spin terms arise as products of quadratic (2PN) and linear (1.5PN) terms. The conserved
energy E and the energy loss rate F have the same structure as (5.1) for the PN order of
the spin terms. Similarly, the structure of the precession equation for the conserved norm
spin vectors is, writing S˙ = Ω× S,
Ω =
1
c2
ΩNS +
1
c3
ΩSO +
1
c6
ΩSS +O(7) . (5.2)
Now, since we are working at the leading order for the SSS terms in both the dynamics and
energy flux, we see that we can in fact ignore all but the leading order terms in the NS,
SO and SS sectors, and that only the SO O(3) terms in Ω must be taken into account10.
These leading order NS, SO and SS terms do yield contributions at the SSS O(7) order
when a time derivative is taken (when building conserved quantities, or when applying the
waveform generation formalism), upon replacing the equations of motion and precession.
Thus, in the following we will include them in our presentation for consistency, although
they are already known. In practice, working at leading order will greatly simplify many
aspects of the formalism, as for instance the complication of the iteration of the solution of
the field equations mainly depends on the relative order.
To describe the two bodies, we will denote by m1, m2 their masses (according to the
discussion in III, for our purpose we can consider them as conserved without further redefi-
nition), by yi1, y
i
2 their positions, by v
i
1, v
i
2 their velocities, and by S
ij
1 , S
ij
2 the spatial compo-
nents of their spin tensors. We also use the notations r12 = |y1−y2|, ni12 = (yi1−yi2)/|y1−y2|,
vi12 = v
i
1− vi2 and ∂1i = ∂/∂yi1, where boldface denotes a vector. The operation 1↔ 2 means
the exchange of the label of the two bodies. All spatial indices are raised and lowered using
the background Euclidean metric δij , and we make no distinction between upper and lower
indices. We also restore the factors c in all expressions.
The covariant spin supplementary condition pνS
µν = 0 translates at leading order to
S0i = −Sij v
j
c
+O(3) , (5.3)
and one can check that there are neither SS O(3) nor SSS O(4) contributions, so that we
can simply use this leading order relation for our purposes. As discussed in section III, we
use conserved norm Euclidean spin vectors Si1, S
i
2, and the leading order relation to the spin
tensor, given by Sij = εijkSk, Si = εijkSjk/2, will be sufficient.
B. The metric potentials
In harmonic coordinates, defined by the gauge condition ∂νh
µν = 0 with hµν =
√−ggµν−
ηµν the metric perturbation, Einstein equations become
hµν =
16πG
c4
|g|T µν + Λµν [h] ≡ 16πG
c4
τµν , (5.4)
10 The only computation where the SS O(6) would intervene would be the determination of a conserved
angular momentum at O(7), since its PN expansion starts as J = L+S/c, with spin effects at the 0.5PN
order instead of the usual 1.5PN order.
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with  = ∂µ∂
µ the flat d’Alembert operator and Λµν a non-compact support source that con-
tains non-linearities in h. In the general case, the iteration of this equation yields a hierarchy
of potentials, each obeying d’Alembert equations with sources of increasing complexity [68].
In our case, as we work at the leading post-Newtonian order of the spin contributions, we
will only need the simplest of these potentials, namely
V = −1R [−4πGσ] , (5.5a)
Vi = 
−1
R [−4πGσi] , (5.5b)
with −1R the usual retarded inverse d’Alembertian and the following definitions for the
sources (matter-only for these simplest potentials)
σ =
1
c2
(T 00 + T ii) , σi =
1
c
T 0i . (5.6)
These metric potentials enter the metric components according to
g00 = −1 + 2
c2
V − 2
c4
V 2 +O(6) , (5.7a)
g0i = − 4
c3
Vi +O(5) , (5.7b)
gij = δij
[
1 +
2
c2
V
]
+O(4) . (5.7c)
From the expressions of the spin-induced moments (4.8), (4.12) and of the stress-energy
tensor (2.23), (2.24) and (2.25), we see that at each spin order only the term with the
largest number of spatial derivatives contributes at leading PN order, yielding (with δ1,2 =
δ3(x− y1,2))
σNS = m1δ1 + 1↔ 2 +O(2) , (5.8a)
σSO = − 2
c3
Sij1 v
j
1∂iδ1 + 1↔ 2 +O(5) , (5.8b)
σSS =
κ1
2m1c4
Sik1 S
jk
1 ∂ijδ1 + 1↔ 2 +O(6) , (5.8c)
σSSS =
λ1
3m21c
7
vm1 S
mi
1 S
jl
1 S
kl
1 ∂ijkδ1 + 1↔ 2 +O(9) , (5.8d)
and
σSOi =
1
2c
Sij1 ∂jδ1 + 1↔ 2 +O(3) , (5.9a)
σSSSi =
λ1
12m21c
5
Sij1 S
km
1 S
lm
1 ∂jklδ1 + 1↔ 2 +O(7) . (5.9b)
For the odd orders in spin, the source σi is at 1PN lower order than the source σ, which pushes
the Vi contributions at the same level as the V contributions in all subsequent equations,
whereas it only intervenes at 1PN relative order and can be neglected in the non-spinning
and quadratic terms. This structure will also appear in the computation of source moments
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in section VIA. Notice also that the SSC (5.3) was used in the leading-order σ for these odd
orders in spin. These sources give directly for the leading order potentials
V NS =
Gm1
r1
+ 1↔ 2 +O(2) , (5.10a)
V SO = −2G
c3
Sij1 v
j
1∂i
(
1
r1
)
+ 1↔ 2 +O(5) , (5.10b)
V SS =
Gκ1
2m1c4
Sik1 S
jk
1 ∂ij
(
1
r1
)
+ 1↔ 2 +O(6) , (5.10c)
V SSS =
Gλ1
3m21c
7
vm1 S
mi
1 S
jl
1 S
kl
1 ∂ijk
(
1
r1
)
+ 1↔ 2 +O(9) , (5.10d)
and
V SOi =
G
2c
Sij1 ∂j
(
1
r1
)
+ 1↔ 2 +O(3) , (5.11a)
V SSSi =
Gλ1
12m21c
5
Sij1 S
km
1 S
lm
1 ∂jkl
(
1
r1
)
+ 1↔ 2 +O(7) . (5.11b)
These results give the leading order quadrupolar and octupolar piece of the metric around
each spinning object. If we compare this contribution to the metric to the multipoles
parametrizing the Kerr metric (for instance as given in [92]), we can read that for Kerr
black holes, κ = λ = 1.
C. Results for the dynamics
We can now turn to the computation of the equation of motion at cubic order in spin
and at the leading 3.5PN order. From the covariant expression (2.18), we see that various
contributions enter,
ai1 ≡
dvi1
dt
=
(
ai1
)geod
+
(
ai1
)Papapetrou
+
(
ai1
)quad
+
(
ai1
)oct
+
(
ai1
)p↔u
. (5.12)
Here the first term arises from the replacement in the metric in the Christoffel symbols gener-
ated by the covariant derivative, as in the case of geodesic motion; the second corresponds to
the pole-dipole term, the first term in (2.18) that is known since the work of Mathisson and
Papapetrou [22, 23, 25]; the third and the fourth to respectively the additional quadrupolar
and octupolar terms in (2.18); and the fifth to the contribution of the additional terms in
the relation pµ = muµ + . . . given in (3.4). By gathering all these contributions, we obtain
(
ai1
)
SSS
=
Gλ1m2
3m31c
7
[
Sij1 S
km
1 S
lm
1 v
n
12∂
1
jkln
(
1
r12
)
− vn12Snj1 Skm1 Slm1 ∂1ijkl
(
1
r12
)]
+
Gλ2
3m22c
7
[
Sij2 S
km
2 S
lm
2 v
n
12∂
1
jkln
(
1
r12
)
− vn12Snj2 Skm2 Slm2 ∂1ijkl
(
1
r12
)]
− Gκ1m2
2m31c
7
Sij1 S
km
1 S
lm
1 v
n
12∂
1
jkln
(
1
r12
)
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+
Gκ1
m21c
7
[
Sij2 S
km
1 S
lm
1 v
n
12∂
1
jkln
(
1
r12
)
− vn12Snj2 Skm1 Slm1 ∂1ijkl
(
1
r12
)]
+
Gκ2
m1m2c7
[
1
2
Sij1 S
km
2 S
lm
2 v
n
12∂
1
jkln
(
1
r12
)
− vn12Snj1 Skm2 Slm2 ∂1ijkl
(
1
r12
)]
− G
m21c
7
Sij1 S
km
1 S
lm
2 v
n
12∂
1
jkln
(
1
r12
)
+O(9) . (5.13)
Note the presence of terms devoid of the constants κ, λ, coming from the relation p↔ u. For
completeness, we also give the already known leading-order contributions to the equations
of motion for lower orders in spin, which will intervene in the wave generation formalism
and read
(
ai1
)
NS
= Gm2∂
1
i
(
1
r12
)
+O(2) , (5.14a)
(
ai1
)
SO
=
Gm2
m1c3
[
Sij1 v
n
12∂
1
jn
(
1
r12
)
− 2vn12Snj1 ∂1ij
(
1
r12
)]
+
G
c3
[
2Sij2 v
n
12∂
1
jn
(
1
r12
)
− 2vn12Snj2 ∂1ij
(
1
r12
)]
+O(5) , (5.14b)
(
ai1
)
SS
=
G
2m1c4
[
κ1m2
m1
Sjl1 S
kl
1 + 2S
jl
1 S
kl
2 +
κ2m1
m2
Sjl2 S
kl
2
]
∂1ijk
(
1
r12
)
+O(6) . (5.14c)
We see that, at leading order, all the dependence on the positions can be expressed with
derivatives of 1/r12. The rule for expanding these derivatives, generating much longer ex-
pressions, is given by ∂1L(1/r12) = (−1)ℓ(2ℓ− 1)!!n<L>12 /rℓ+112 , using the notations introduced
in the next section for multi-indices.
As discussed above, since we are working essentially at leading PN order we only need
the SS O(3) in the precession equation of the spins (2.15). We obtain(
dSij1
dt
)
SS
=
2G
c3
[
−m2κ1
m1
Skl1 S
l[i
1 ∂
1
j]k
(
1
r12
)
− Skl2 Sl[i1 ∂1j]k
(
1
r12
)
+ S
[i|k
1 S
j]l
2 ∂
1
kl
(
1
r12
)]
+O(5) .
(5.15)
If we translate this for the conserved norm vectors, that obey a precession equation of the
form dSi1/dt = εijkΩ
j
1S
k
1 , we find
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(
Ωi1
)
SO
=
Gκ1m2
m1c3
Sk1∂
1
ik
(
1
r12
)
+
G
c3
Sk2∂
1
ik
(
1
r12
)
+O(5) . (5.16)
Next, we can look for the expression of the conserved orbital energy E, such that dE/dt =
0 according to the equations of motion and precession. Because of the structure of (5.1)
and (5.2), we see that the leading order SO and SS terms in the energy contribute in this
calculation. They are given by
(E)NS =
m1
2
v21 +
m2
2
v22 −
Gm1m2
r12
+O(2) , (5.17a)
11 Note that the “SO” terms here are in fact quadratic-in-spin effects, as shown by the presence of κ1.
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(E)SO = −
Gm2
c3
Sij1 v
j
1∂
1
i
(
1
r12
)
+ 1↔ 2 +O(5) (5.17b)
(E)SS = −
G
2c4
[
κ1m2
m1
Sik1 S
jk
1 + S
ik
1 S
jk
2
]
∂1ij
(
1
r12
)
+ 1↔ 2 +O(6) . (5.17c)
We find for the cubic-in-spin contributions in the conserved energy
(E)SSS =
Gκ1
2m1c7
[
m2
m1
vi1S
ij
1 − vi2Sij2
]
Skm1 S
lm
1 ∂
1
jkl
(
1
r12
)
+
G
m1c7
vi1S
ij
1 S
km
1 S
lm
2 ∂
1
jkl
(
1
r12
)
+ 1↔ 2 +O(9) . (5.18)
We notice that the constants λ1,2 have disappeared from the conserved energy at this or-
der, whereas they are present in the reduced Hamiltonian of [44] (see appendix B for the
comparison of the results of the two methods).
VI. LEADING ORDER CUBIC-IN-SPIN EFFECTS IN THE GRAVITATIONAL
WAVE ENERGY FLUX
In this section, we compute the gravitational wave energy flux emitted by an inspiralling
compact binary system. We apply the multipolar post-Newtonian wave generation formalism
developed in [93, 94] (for a review and additional references, see [8]). Since we are working
in practice at the leading PN order for the cubic-in-spins contributions, we need only the
linearized version of this general formalism, which is much simpler as all non-linearities are
in fact ignored. Instead of giving the result for the full waveform hTTij (or, equivalently,
the two polarizations h+ and h×, or the modes hℓm of a spin-weighted spherical harmonics
decomposition), which are very long expressions, we focus here only on the energy loss rate
that governs, together with the orbital energy, the phasing of circular orbits. We also focus
on circular, spin-aligned orbits and not quasi-circular orbits as explained in section VIC. We
leave the presentation of the results for the full waveform and the reduction to quasi-circular
precessing orbits for future work.
We introduce some additional notations: we use capital letters to indicate multi-indices,
e.g. aL = ai1 . . . aiℓ for a vector ai, and we use the brackets <> or a hat aˆL to indicate the
symmetric and trace-free (STF) projection. Dots a˙ will represent time derivatives, and an
exponent in parenthesis a(n) will mean the nth time derivative. A compendium of useful
formulas for STF tensors can be found in appendix A of [93].
A. Energy flux and source multipole moments at leading order
The general expression of the total energy flux emitted is expressed in terms of STF
radiative multipolar moments UL, VL according to [92]
F =
+∞∑
ℓ=2
G
c2ℓ+1
[
(ℓ+ 1)(ℓ+ 2)
(ℓ− 1)ℓ ℓ!(2ℓ+ 1)!!U
(1)
L U
(1)
L +
4ℓ(ℓ+ 2)
c2(ℓ− 1)(ℓ+ 1)!(2ℓ+ 1)!!V
(1)
L V
(1)
L
]
. (6.1)
By applying the multipolar post-Minkowskian algorithm introduced in [93, 94], these radia-
tive moments UL, VL are related to a set of source and gauge moments IL, JL, WL, XL, YL,
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ZL by formulas that include non-linear terms, instantaneous as well as hereditary. Since we
are working at higher order in spin but at leading PN order, we will need only the leading
order of these formulas, given simply by UL = I
(ℓ)
L , VL = J
(ℓ)
L , and in the sum only the
quadrupolar term ℓ = 2 will contribute as
(F)SSS =
G
5c5
[
...
I ij
...
I ij +
16
9c2
...
J ij
...
J ij
]
SSS
+O(9) . (6.2)
The expressions of the source moments as integrals over space are obtained by matching
of the post-Newtonian, near-zone expansion of the field to its multipolar, far-zone expan-
sion [95]. They read in general
IL(t) = FP
B=0
∫
d3x (r/r0)
B
∫ 1
−1
dz
{
δℓ xˆLΣ− 4(2ℓ+ 1)
c2(ℓ+ 1)(2ℓ+ 3)
δℓ+1 xˆiL Σ
(1)
i
+
2(2ℓ+ 1)
c4(ℓ+ 1)(ℓ+ 2)(2ℓ+ 5)
δℓ+2 xˆijLΣ
(2)
ij
}
(x, t+ z r/c) , (6.3a)
JL(t) = FP
B=0
εab<iℓ
∫
d3x (r/r0)
B
∫ 1
−1
dz
{
δℓ xˆL−1>a Σb
− 2ℓ+ 1
c2(ℓ+ 2)(2ℓ+ 3)
δℓ+1 xˆL−1>ac Σ
(1)
bc
}
(x, t + z r/c) , (6.3b)
where Σ = (τ 00 + τ ii)/c2, Σi = τ
0i/c, Σij = τ
ij and τµν is the PN expansion of the stress-
energy pseudo-tensor, source of the Einstein equations in harmonic coordinates (5.4). FPB=0
stands for a regularization by analytic continuation in the complex plane for B, keeping
only the finite part in B = 0. The scale r0 is an associated regularization constant. The
integration on the intermediate variable z, with the weighting function δℓ(z) = aℓ(1 − z2)ℓ
and aℓ = (2ℓ + 1)!!/2
ℓ+1ℓ! a normalization constant, can be written as a post-Newtonian
expansion according to
∫ 1
−1
dz δℓ(z) Σ(x, t + z r/c) =
+∞∑
k=0
(2ℓ+ 1)!!
(2k)!!(2ℓ+ 2k + 1)!!
(r
c
)2k
Σ(2k)(x, t) . (6.4)
At leading order, we can keep only the first term in this expansion, and identify the quantities
Σ, Σi with the matter sources σ, σi given in (5.8) and (5.9) (and the Σij part will not
contribute). The above expressions simplify to
IL =
∫
d3x
[
xˆL σ − 4(2ℓ+ 1)
c2(ℓ+ 1)(2ℓ+ 3)
xˆiL σ
(1)
i
]
, (6.5a)
JL = εab<iℓ
∫
d3x xˆL−1>a σb , (6.5b)
where we removed the FP regularization as the integrands now have a compact support.
For odd orders in spin, the second term of eq. (6.5a) is of the same order as the first term,
and the mass moments IL are 1PN order smaller than the current moments JL. Mass and
current moments enter at the same level in the expansion of the flux (6.1) in this case.
From the expressions of the leading order σ, σi given in (5.8) and (5.9), it is straightfor-
ward to derive the leading order expression of IL, JL for any multipolar order. Although we
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will need only the quadrupole moments for our purpose, and although we will see that there
is no leading order cubic-in-spin contribution to the quadrupoles, we give here the general
result for reference. We obtain for the non-spinning, spin-orbit and spin-spin part of the
moments
(IL)NS = m1y
<L>
1 + 1↔ 2 +O(2) , (6.6a)
(JL)NS = y
a
1v
b
1ε
ab<iℓyL−1>1 + 1↔ 2 +O(2) , (6.6b)
(IL)SO =
2ℓ
c3(ℓ+ 1)
[
ℓva1S
b
1ε
ab<iℓyL−1>1 − (ℓ− 1)ya1Sb1εab<iℓviℓ−11 yL−2>1
]
+ 1↔ 2 +O(5) ,
(6.6c)
(JL)SO =
ℓ+ 1
2c
S<iℓ1 y
L−1>
1 + 1↔ 2 +O(3) , (6.6d)
(IL)SS = −
ℓ(ℓ− 1)κ1
2m1c4
S<iℓ1 S
iℓ−1
1 y
L−2>
1 + 1↔ 2 +O(6) , (6.6e)
(JL)SS =
(ℓ− 1)κ1
2m1c4
[
2va1S
b
1ε
ab<iℓS
iℓ−1
1 y
L−2>
1 − (ℓ− 2)ya1vb1εab<iℓSiℓ−11 Siℓ−21 yL−3>1
]
+ 1↔ 2 +O(6) . (6.6f)
For the cubic-in-spin moments, the presence of three derivatives of the Dirac delta function
in σSSS, σSSSi (and four derivatives for σ˙
SSS
i ) leads to the vanishing of the leading order
contribution to both the mass and current quadrupoles. For ℓ ≥ 3, we get12
(IL)SSS =
ℓ(ℓ− 1)(ℓ− 2)λ1
3(ℓ+ 1)m21c
7
[
−ℓva1Sb1εab<iℓSiℓ−11 Siℓ−21 yL−3>1
+(ℓ− 3)ya1Sb1εab<iℓviℓ−11 Siℓ−11 Siℓ−21 viℓ−31 yL−4>1
]
+ 1↔ 2 +O(6) , (6.7a)
(JL)SSS = −
(ℓ+ 1)(ℓ− 1)(ℓ− 2)λ1
12m21c
5
S<iℓ1 S
iℓ−1
1 S
iℓ−2
1 y
L−3>
1 + 1↔ 2 +O(6) . (6.7b)
and we have (Iij)SSS = O(9), (Jij)SSS = O(7). Thus, there is no cubic-in-spin direct con-
tribution in the moments entering eq. (6.2) at the order we are considering. Nevertheless,
cubic-in-spin contributions do enter eq. (6.2) indirectly through the following channels: (i)
the SSS O(7) terms in the acceleration (5.13) when replacing the time derivatives of the
Newtonian NS quadrupole
...
I
NS
ij = 6m1v
<i
1 a
j>
1 + 2m1y
<i
1 a˙
j>
1 + 1 ↔ 2; (ii) the SO O(3) and
the SS O(4) terms in the acceleration and spin precession in the time derivatives of the SO
and SS moments; (iii) the SO O(3) terms in the center-of-mass conversion of SS O(4) terms
(see next section); (iv) the SO×SS terms generated when squaring the moments.
By carefully taking into account all these contributions, we obtain a rather long expression
for the energy flux F . We will give it explicitly in the next section after conversion to center-
of-mass variables.
B. Results in the center-of-mass frame
We now present the main results of this paper in the center-of-mass (CM) frame, defined
by the vanishing of the integral of motion Gi, which verifies dGi/dt = Pi with Pi the
conserved linear momentum.
12 The second term in (6.7a) is present only for ℓ ≥ 4
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We introduce standard notations for variables in the CM frame, as in previous works [15,
19]. We define ν = m1m2/m
2, δ = (m1 −m2)/m, x = rn = y1 − y2 the separation of the
two bodies, and v = v1 − v2 their relative velocity. From the conserved norm spin vectors
S1, S2 we define S ≡ S1 + S2 and Σ ≡ m(S2/m2 − S1/m1). We also find that the final
expressions are more compact if we use κ+ = κ1 + κ2, κ− = κ1 − κ2 and similarly for λ+,
λ−. For any vectors a,b, c we denote the mixed product by (a, b, c) = εijka
ibjck, and the
scalar product by (ab) = aibi.
By writing
(yi1)CM =
m2
m
xi + zi , (yi2)CM = −
m1
m
xi + zi (6.8)
and similarly for the velocities, with zi = O(2) and m = m1 +m2 the total mass, imposing
the vanishing of Gi fixes the vector z
i. There is no leading order SS O(4) term, but there is
a SO O(3) contribution that we have to take into account, given by
(zi)SO =
ν
mc3
εijkv
jΣk +O(5) . (6.9)
It turns out that there is no SSS O(7) additional contribution to Gi and zi, i.e. we get
readily d2Gi/dt
2 = 0 from the SO O(3) expression of Gi and the equations of motion and
precession. In fact, when converting Newtonian quantities to the CM frame, one can ignore
the highest-order contributions in (6.8) anyway (as explained for instance in [19]). The
transformation rule (6.8)-(6.9) will therefore be sufficient for our purposes.
The CM conversion of the orbital energy given in (5.17)-(5.18) yields
(E)SSS =
Gν
4mc7r4
{
(n, v, S)
[
(nS)2 (−30κ+ − 60) + (nS)(nΣ) (−30δκ+ − 60δ + 30κ−)
+(nΣ)2 (15δκ− − 15κ+ + ν (30κ+ + 60)) + S2 (6κ+ + 12)
+(SΣ) (6δκ+ + 12δ − 6κ−) + Σ2 (3κ+ − 3δκ− + ν (−6κ+ − 12))
]
+ (n, v,Σ) [(nS)(nΣ) (30δκ− − 30κ+ − 60 + ν (120κ+ + 240))
+(nΣ)2 (15κ− − 15δκ+ + ν (30δκ+ + 60δ − 60κ−))
+(nS)2 (−30δκ+ − 60δ) + S2 (6δκ+ + 12δ)
+(SΣ) (−6δκ− + 6κ+ + 12 + ν (−24κ+ − 48))
+Σ2 (3δκ+ − 3κ− + ν (−6δκ+ − 12δ + 12κ−))
]
+(v, S,Σ) [(nS) (−6δκ+ − 12δ − 6κ−) + (nΣ) (−12 + ν (12κ+ + 24))]} .
(6.10)
In the general case, for general orbits and when keeping the constants κ±, λ±, the emitted
energy flux is a long expression. We split it according to
(F)SSS = G
3mν2
15c12r7
[
(n, v, S)f 3nvS + (n, v,Σ)f
3
nvΣ + (n, S,Σ)f
3
nSΣ + (v, S,Σ)f
3
vSΣ
+
Gm
r
(
(n, v, S)f 4nvS + (n, v,Σ)f
4
nvΣ + (n, S,Σ)f
4
nSΣ + (v, S,Σ)f
4
vSΣ
)]
,
(6.11)
where the coefficients are given by
f 3nvS = (nS)
2(nv)2
(−1440κ2− − 1440κ2+ − 10980κ+ + 120λ+ − 16920)
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+ (nS)(nΣ)(nv)2
(−1440δκ2− − 1440δκ2+ − 13290δκ+ + 120δλ+ − 21540δ
+2880κ−κ+ + 36630κ− − 120λ−)
+ (nΣ)2(nv)2
(
1440δκ−κ+ + 19470δκ− − 60δλ− − 720κ2− − 720κ2+ − 19470κ+
+60λ+ − 5520 + ν
(
1440κ2− + 1440κ
2
+ + 15600κ+ − 120λ+ + 26160
))
+ (nv)2S2 (2256κ+ + 168λ+ + 3504)
+ (nv)2(SΣ) (2608δκ+ + 168δλ+ + 4208δ − 14300κ− − 168λ−)
+ (nS)(nv)(vS)
(−216κ2− − 216κ2+ + 3504κ+ − 960λ+ + 13632)
+ (nΣ)(nv)(vS)
(−108δκ2− − 108δκ2+ + 3372δκ+ − 480δλ+ + 10056δ + 216κ−κ+
−12948κ− + 480λ− − 18νκ−)
+ (vS)2
(
144κ2− + 144κ
2
+ − 924κ+ − 2424
)
+ (nS)2v2
(
360κ2− + 360κ
2
+ + 8484κ+ + 2160λ+ + 2568
)
+ (nS)(nΣ)v2
(
360δκ2− + 360δκ
2
+ + 8814δκ+ + 2160δλ+ + 3228δ − 720κ−κ+
−17034κ− − 2160λ−)
+ (nΣ)2v2
(−360δκ−κ+ − 8682δκ− − 1080δλ− + 180κ2− + 180κ2+ + 8682κ+
+1080λ+ + 960 + ν
(−360κ2− − 360κ2+ − 9144κ+ − 2160λ+ − 3888))
+ S2v2 (−2400κ+ − 432λ+ − 2208)
+ (SΣ)v2 (−2460δκ+ − 432δλ+ − 2328δ + 6696κ− + 432λ−)
+ (nS)(nv)(vΣ)
(−108δκ2− − 108δκ2+ + 1440δκ+ − 480δλ+ + 6192δ + 216κ−κ+
−1392κ− + 480λ− + ν (18κ−))
+ (nΣ)(nv)(vΣ)
(
216δκ−κ+ − 7824δκ− + 480δλ− − 108κ2− − 108κ2+ + 7824κ+
−480λ+ + 3296 + ν
(
216κ2− + 216κ
2
+ − 6120κ+ + 960λ+ − 18708
))
+ (vS)(vΣ)
(
144δκ2− + 144δκ
2
+ − 1050δκ+ − 2676δ − 288κ−κ+ + 2322κ−
)
+ (vΣ)2
(−144δκ−κ+ + 1224δκ− + 72κ2− + 72κ2+ − 1224κ+ − 452
+ν
(−144κ2− − 144κ2+ + 1176κ+ + 2948))
+ (nv)2Σ2 (−7326δκ− − 84δλ− + 7326κ+ + 84λ+ + 164
+ν (−2960κ+ − 168λ+ − 4948))
+ Σ2v2 (3378δκ− + 216δλ− − 3378κ+ − 216λ+ − 216 + ν (2520κ+ + 432λ+ + 2388))
f 3nvΣ = (nS)
2(nv)2
(−720δκ2− − 720δκ2+ − 5340δκ+ + 60δλ+ − 8160δ + 1440κ−κ+
−26820κ− − 60λ−)
+ (nS)(nΣ)(nv)2
(
2880δκ−κ+ − 7500δκ− − 120δλ− − 1440κ2− − 1440κ2+ + 7500κ+
+120λ+ − 7980 + ν
(
2880κ2− + 2880κ
2
+ + 25980κ+ − 240λ+ + 41880
))
+ (nΣ)2(nv)2
(−720δκ2− − 720δκ2+ − 3240δκ+ + 60δλ+ − 360δ + 1440κ−κ+
+3240κ− − 60λ− + ν
(
720δκ2− + 720δκ
2
+ + 7650δκ+ − 60δλ+
+12780δ − 4320κ−κ+ − 14130κ− + 180λ−))
+ (nv)2S2 (1316δκ+ + 84δλ+ + 2128δ + 12272κ− − 84λ−)
+ (nv)2(SΣ) (4758δκ− − 168δλ− − 4758κ+ + 168λ+ + 2164
23
+ν (−5968κ+ − 336λ+ − 9884))
+ (nS)(nv)(vS)
(−108δκ2− − 108δκ2+ + 1608δκ+ − 480δλ+ + 6528δ + 216κ−κ+
+9264κ− + 480λ−)
+ (nΣ)(nv)(vS)
(
216δκ−κ+ − 2580δκ− + 480δλ− − 108κ2− − 108κ2+ + 2580κ+
−480λ+ + 4824 + ν
(−9δκ− + 216κ2− + 216κ2+ − 6447κ+
+960λ+ − 19566))
+ (vS)2
(
72δκ2− + 72δκ
2
+ − 468δκ+ − 1224δ − 144κ−κ+ − 1296κ−
)
+ (nS)2v2
(
180δκ2− + 180δκ
2
+ + 4248δκ+ + 1080δλ+ + 1296δ − 360κ−κ+
+12240κ− − 1080λ−)
+ (nS)(nΣ)v2
(−720δκ−κ+ + 3552δκ− − 2160δλ− + 360κ2− + 360κ2+ − 3552κ+
+2160λ+ + 996 + ν
(−720κ2− − 720κ2+ − 17652κ+ − 4320λ+ − 6504))
+ (nΣ)2v2
(
180δκ2− + 180δκ
2
+ + 444δκ+ + 1080δλ+ − 360κ−κ+ − 444κ− − 1080λ−
+ν
(−180δκ2− − 180δκ2+ − 4578δκ+ − 1080δλ+ − 1956δ + 1080κ−κ+
+5466κ− + 3240λ−))
+ S2v2 (−1236δκ+ − 216δλ+ − 1176δ − 4968κ− + 216λ−)
+ (SΣ)v2 (−1554δκ− + 432δλ− + 1554κ+ − 432λ+ − 1152
+ν (5064κ+ + 864λ+ + 5004))
+ (nS)(nv)(vΣ)
(
216δκ−κ+ + 4164δκ− + 480δλ− − 108κ2− − 108κ2+ − 4164κ+
−480λ+ + 1408 + ν
(
9δκ− + 216κ
2
− + 216κ
2
+ − 2601κ+
+960λ+ − 11934))
+ (nΣ)(nv)(vΣ)
(−108δκ2− − 108δκ2+ + 2244δκ+ − 480δλ+ + 192δ + 216κ−κ+
−2244κ− + 480λ− + ν
(
108δκ2− + 108δκ
2
+ − 2916δκ+ + 480δλ+
−9144δ − 648κ−κ+ + 7404κ− − 1440λ−))
+ (vS)(vΣ)
(−288δκ−κ+ − 66δκ− + 144κ2− + 144κ2+ + 66κ+ − 1072
+ν
(−288κ2− − 288κ2+ + 2124κ+ + 5380))
+ (vΣ)2
(
72δκ2− + 72δκ
2
+ − 348δκ+ − 24δ − 144κ−κ+ + 348κ−
+ν
(−72δκ2− − 72δκ2+ + 594δκ+ + 1476δ + 432κ−κ+ − 1290κ−))
+ (nv)2Σ2 (720δκ+ + 84δλ+ − 252δ − 720κ− − 84λ−
+ν (−1668δκ+ − 84δλ+ − 2832δ + 3108κ− + 252λ−))
+ Σ2v2 (−312δκ+ − 216δλ+ − 36δ + 312κ− + 216λ−
+ν (1296δκ+ + 216δλ+ + 1296δ − 1920κ− − 648λ−))
f 3nSΣ = (nS)(nv)
3 (−3180δκ+ − 6360δ + 25380κ−)
+ (nΣ)(nv)3 (14280δκ− − 14280κ+ − 8220 + ν (6360κ+ + 12720))
+ (nv)2(vS) (2290δκ+ + 4580δ − 20582κ− + ν (−18κ−))
+ (nS)(nv)v2 (−144δκ+ − 288δ − 11976κ− + ν (18κ−))
+ (nΣ)(nv)v2 (−5916δκ− + 5916κ+ + 1788 + ν (9δκ− + 279κ+ + 606))
+ (vS)v2 (−156δκ+ − 312δ + 6492κ−)
24
+ (nv)2(vΣ) (−11436δκ− + 11436κ+ + 4336 + ν (−9δκ− − 4571κ+ − 9070))
+ (vΣ)v2 (3324δκ− − 3324κ+ − 224 + ν (312κ+ + 584))
f 3vSΣ = (nS)(nv)
2 (3212δκ+ + 6424δ − 13720κ− − 18νκ−)
+ (nΣ)(nv)2 (−8466δκ− + 8466κ+ + 7480 + ν (−9δκ− − 6415κ+ − 12842))
+ (nv)(vS) (−1758δκ+ − 3516δ + 7650κ− + 18νκ−)
+ (nS)v2 (−324δκ+ − 648δ + 7008κ−)
+ (nΣ)v2 (3666δκ− − 3666κ+ − 2124 + ν (648κ+ + 1356))
+ (nv)(vΣ) (4704δκ− − 4704κ+ − 3204 + ν (9δκ− + 3507κ+ + 6886))
f 4nvS = (nS)
2
(
216δκ−κ+ + 432δκ− − 324κ2− − 324κ2+ − 96κ+ + 720λ+ − 3216
)
+ (nS)(nΣ)
(−432δκ2− − 432δκ2+ − 960δκ+ + 720δλ+ − 4512δ + 864κ−κ+ + 1032κ−
−720λ− + ν (−864κ−κ+ − 1728κ−))
+ (nΣ)2
(
432δκ−κ+ + 732δκ− − 360δλ− − 216κ2− − 216κ2+ − 732κ+ + 360λ+ − 1872
+ν
(−216δκ−κ+ − 432δκ− + 540κ2− + 540κ2+ + 1824κ+ − 720λ+ + 5808))
+ S2 (−384κ+ − 144λ+ + 96)
+ (SΣ) (−312δκ+ − 144δλ+ + 240δ − 176κ− + 144λ−)
+ Σ2 (−124δκ− + 72δλ− + 124κ+ − 72λ+ + 1288 + ν (240κ+ + 144λ+ − 384))
f 4nvΣ = (nS)
2
(−216δκ2− − 216δκ2+ − 456δκ+ + 360δλ+ − 2208δ + 432κ−κ+ + 360κ−
−360λ− + ν (−432κ−κ+ − 864κ−))
+ (nS)(nΣ)
(
864δκ−κ+ + 1284δκ− − 720δλ− − 432κ2− − 432κ2+ − 1284κ+ + 720λ+
−1632 + ν (−432δκ−κ+ − 864δκ− + 1080κ2− + 1080κ2+ + 3552κ+
−1440λ+ + 11424))
+ (nΣ)2
(−216δκ2− − 216δκ2+ − 876δκ+ + 360δλ+ + 432κ−κ+ + 876κ− − 360λ−
+ν
(
324δκ2− + 324δκ
2
+ + 1320δκ+ − 360δλ+ + 3504δ − 1512κ−κ+
−3072κ− + 1080λ−) + ν2 (432κ−κ+ + 864κ−)
)
+ S2 (48δκ+ − 72δλ+ + 528δ + 360κ− + 72λ−)
+ (SΣ) (−4δκ− + 144δλ− + 4κ+ − 144λ+ − 616 + ν (−336κ+ + 288λ+ − 2400))
+ Σ2 (160δκ+ − 72δλ+ − 160κ− + 72λ−
+ν (−120δκ+ + 72δλ+ − 672δ + 440κ− − 216λ−))
f 4nSΣ = (nS)(nv) (−816δκ+ − 1632δ + 336κ−)
+ (nΣ)(nv) (576δκ− − 576κ+ − 1224 + ν (1632κ+ + 3264))
+ (vS) (48δκ+ + 96δ − 112κ−)
+ (vΣ) (−80δκ− + 80κ+ + 1328 + ν (−96κ+ − 192))
f 4vSΣ = (nS) (648δκ+ + 1296δ − 72κ−)
+ (nΣ) (−360δκ− + 360κ+ − 160 + ν (−1296κ+ − 2592)) . (6.12)
This energy flux is valid for general orbits at this stage.
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C. Spin-aligned circular orbits
In this section, we specialize our results to circular orbits in the spin-aligned case and
derive the associated phase evolution of the binary. Spin-aligned circular orbits correspond
to the case where both spins are aligned with the normal to the orbital plane, and where
the orbit has no eccentricity. The situation is then completely analogous to non-spinning
systems, the systems evolves slowly, due solely to radiation reaction, and one can deduce
the phasing of the binary from the balance equation
F = −dE
dt
. (6.13)
In the case of misaligned spins, then the orbital plane and the spin vectors will all undergo
precession. If one works formally at linear order in the spins, one can still find spherical
orbits (precessing, but with a constant separation radius and orbital frequency), and one
can treat the components Sℓ, Σℓ, the only ones to enter scalar such as the orbital energy and
the emitted energy flux at spin-orbit level, as constants (see the discussion in [20]). Beyond
the linear-in-spin approximation, however, the orbit’s separation r and orbital frequency
ω will experience variations on the orbital time scales. It is still possible, in this case, to
define so-called quasi-circular orbits, authorizing precession and solving for the variations
in r and ω using averages on one orbit, as was done at leading order for SS terms in [17].
However, the situation is complicated here by the fact that we would have to take into
account the precession effects at SO O(3) relative order within the averaging procedure for
the SS O(4) terms. Another complication arises when trying to build the phasing of the
binary from (6.13). Precession induces a precessional phase to be added to the signal, and
when trying to integrate (6.13) the components of the spins present in both E and F must
now be considered varying. We chose to focus here on the spin-aligned phasing and to leave
for future work both the study of the more general quasi-circular orbits and of the effect of
precession in the phasing of the binary.
We define the unit vectors ℓ = n × λ, normal to the orbital plane, and λ such that
n˙ = ωλ with ω being the orbital frequency. We denote by Sℓ the components of the spins
along ℓ, i.e. Sℓ = S · ℓ, which will be constants. For circular orbits, we will have v = rωλ.
We introduce the usual PN parameters γ = Gm/rc2 and x = (Gmω/c3)2/3. Consistently
with the rest of the paper, we will give only the leading order contributions for each order
in spin. We refer the reader to the review [8] for higher-order corrections.
The equations of motion projected along n give v˙ · n = −rω2, which allows us to relate
r to ω, or equivalently γ to x. We obtain
γ = x
[
1 + xgNS + x
3/2 gSO
Gm2
+ x2
gSS
G2m4
+ x7/2
gSSS
G3m6
+O(8)
]
, (6.14)
with the leading order spin corrections
gSO =
5
3
Sℓ + δΣℓ +O(2)
gSS = S
2
ℓ
(
−κ+
2
− 1
)
+ SℓΣℓ
(
−δκ+
2
− δ + κ−
2
)
+ Σ2ℓ
(
δκ−
4
− κ+
4
+ ν
(κ+
2
+ 1
))
+O(2)
gSSS = S
3
ℓ
(
−3κ+
2
+ λ+ − 9
)
+ S2ℓΣℓ
(
−5δκ+
2
+
3δλ+
2
− 14δ + 3κ− − 3λ−
2
)
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+ SℓΣ
2
ℓ
(
13δκ−
4
− 3δλ−
2
− 13κ+
4
+
3λ+
2
− 5 + ν
(
11κ+
2
− 3λ+ + 29
))
+ Σ3ℓ
(
−5δκ+
4
+
δλ+
2
+
5κ−
4
− λ−
2
+ ν
(
δκ+ − δλ+
2
+ 5δ − 7κ−
2
+
3λ−
2
))
+O(2) .
(6.15)
The reduction of the orbital energy gives
E = −1
2
mνc2x
[
1 + xeNS + x
3/2 eSO
Gm2
+ x2
eSS
G2m4
+ x7/2
eSSS
G3m6
+O(8)
]
, (6.16)
where
eSO =
14
3
Sℓ + 2δΣℓ +O(2)
eSS = S
2
ℓ (−κ+ − 2) + SℓΣℓ (−δκ+ − 2δ + κ−) + Σ2ℓ
(
δκ−
2
− κ+
2
+ ν (κ+ + 2)
)
+O(2)
eSSS = S
3
ℓ (2κ+ + 4λ+ − 20) + S2ℓΣℓ (2δκ+ + 6δλ+ − 32δ + 4κ− − 6λ−)
+ SℓΣ
2
ℓ (5δκ− − 6δλ− − 5κ+ + 6λ+ − 12 + ν (−2κ+ − 12λ+ + 68))
+ Σ3ℓ (−3δκ+ + 2δλ+ + 3κ− − 2λ− + ν (−2δλ+ + 12δ − 6κ− + 6λ−)) +O(2) ,
(6.17)
and one can check that the test-mass limit agrees with the energy per unit mass of a test
particle in circular equatorial orbits around a Kerr black hole [96] (we recall that for black
holes, κ1,2 = 1 and λ1,2 = 1.). Incidently, the cubic-in-spin term cancels out at O(7) in that
limit. The reduction of the emitted flux gives
F = 32ν
2
5G
c5x5
[
1 + xfNS + x
3/2 fSO
Gm2
+ x2
fSS
G2m4
+ x7/2
fSSS
G3m6
O(8)
]
, (6.18)
with
fSO = −4Sℓ − 5
4
δΣℓ +O(2)
fSS = S
2
ℓ (2κ+ + 4) + SℓΣℓ (2δκ+ + 4δ − 2κ−)
+ Σ2ℓ
(
−δκ− + κ+ + 1
16
+ ν (−2κ+ − 4)
)
+O(2)
fSSS = S
3
ℓ
(
−16κ+
3
− 4λ+ + 40
3
)
+ S2ℓΣℓ
(
−35δκ+
6
− 6δλ+ + 73δ
3
− 3κ−
4
+ 6λ−
)
+ SℓΣ
2
ℓ
(
−35δκ−
12
+ 6δλ− +
35κ+
12
− 6λ+ + 32
3
+ ν
(
22κ+
3
+ 12λ+ − 172
3
))
+ Σ3ℓ
(
67δκ+
24
− 2δλ+ − δ
8
− 67κ−
24
+ 2λ− + ν
(
δκ+
2
+ 2δλ+ − 11δ + 61κ−
12
− 6λ−
))
+O(2) . (6.19)
We checked that in the limit of a test mass around a Kerr black hole, this result agrees with
the one of [97], where the flux is computed in the framework of black hole perturbations.
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To illustrate the quantitative importance of the newly computed cubic-in-spin terms, we
provide an estimate of their contribution to the phasing of the binary system. There are var-
ious ways of deducing the phase evolution from the balance equation (6.13) and from the PN
expressions of E and F given above, leading to different approximants (see for instance [98]).
Here we give only the result obtained for the orbital phase as a function of the orbital
frequency, φ(x), by applying the TaylorT2 approach, writing dφ/dx = −ω(dE/dx)/F , re-
expanding to the required order and integrating analytically term by term. The result is
φ(x) = −x
−5/2
32ν
[
1 + xϕNS + x
3/2 ϕSO
Gm2
+ x2
ϕSS
G2m4
+ x7/2
ϕSSS
G3m6
+O(8)
]
, (6.20)
with
ϕSO =
235
6
Sℓ +
125
8
δΣℓ +O(2)
ϕSS = S
2
ℓ (−25κ+ − 50) + SℓΣℓ (−25δκ+ − 50δ + 25κ−)
+ Σ2ℓ
(
25δκ−
2
− 25κ+
2
− 5
16
+ ν (25κ+ + 50)
)
+O(2)
ϕSSS = S
3
ℓ
(
185κ+
2
− 55λ+ + 515
)
+ S2ℓΣℓ
(
1105δκ+
8
− 165δλ+
2
+
3085δ
4
− 4205κ−
24
+
165λ−
2
)
+ SℓΣ
2
ℓ
(
−2095δκ−
12
+
165δλ−
2
+
2095κ+
12
− 165λ+
2
+
24815
96
+ν (−275κ+ + 165λ+ − 1540)
)
+ Σ3ℓ
(
385δκ+
6
− 55δλ+
2
+
55δ
64
− 385κ−
6
+
55λ−
2
+ν
(
−365δκ+
8
+
55δλ+
2
− 1025δ
4
+
4175κ−
24
− 165λ−
2
))
+O(2) . (6.21)
In table I, we give the contribution of each PN order to the phase evolution of the gravi-
tational wave signal emitted by typical binary systems targeted by the upcoming generation
of advanced detectors, from the entry in the band of the detector (taken at 10Hz) to a
frequency cutoff taken to be the Schwarzschild ISCO x = 1/6. Since neutron stars are ex-
pected to have dimensionless spin parameters of at most χ = S/(Gm2) ∼ 0.1, we consider
only binary black holes and black hole-neutron star systems, and we ignore all the terms
that are at least quadratic in the spin of the neutron star. We also include in the table the
leading order phasing contribution due to the tidal heating and torquing of black holes (see
e.g. [79–81]), which enters at the 2.5PN order with both linear and cubic contributions in
spin.
Notice however that the relative importance of successive PN terms in the final phasing
does depend on the chosen approximant. More detailed studies [99] found that the 3.5PN
next-to-next-to-leading order SO contributions computed in [18–20] seem important, as in-
cluding them improves the agreement between different approximants, but the contributions
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LIGO/Virgo 10M⊙ + 1.4M⊙ 10M⊙ + 10M⊙
Newtonian 3558.9 598.8
1PN 212.4 59.1
1.5PN −180.9 + 114.0χ1 + 11.7χ2 −51.2 + 16.0χ1 + 16.0χ2
2PN 9.8− 10.5χ21 − 2.9χ1χ2 4.0− 1.1χ21 − 2.2χ1χ2 − 1.1χ22
2.5PN
−20.0 + 33.8χ1 + 2.9χ2
+(0.1χ1 + 0.4χ
3
1)
−7.1 + 5.7χ1 + 5.7χ2
+(0.05χ1 + 0.15χ
3
1 + 0.05χ2 + 0.15χ
3
2)
3PN 2.3− 13.2χ1 − 1.3χ2 + (SS) 2.2− 2.6χ1 − 2.6χ2 + (SS)
3.5PN
−1.8 + 11.1χ1 + 0.8χ2 + (SS)
−0.7χ31 − 0.3χ21χ2
−0.8 + 1.7χ1 + 1.7χ2 + (SS)
−0.05χ31 − 0.2χ21χ2 − 0.2χ1χ22 − 0.05χ32
4PN (NS)− 8.0χ1 − 0.7χ2 + (SS) (NS)− 1.5χ1 − 1.5χ2 + (SS)
TABLE I. Contributions to the number of gravitational-wave cycles NGW = (φmax − φmin)/π,
in the spin-aligned case and for circular orbits. For binaries targeted by advanced ground-based
detectors LIGO/Virgo, we show the number of cycles accumulated from ωmin = π × 10Hz to
ωmax = ωISCO = c
3/(63/2Gm). For each compact object we define the dimensionless spin parameter
χA by S ≡ Gm2χℓ. We give all the other contributions known to date, order by order. The 3.5PN
terms cubic in χ1,2 are the new result of this paper. The non-spinning (NS) 4PN terms, and
spin-spin (SS) 3.5PN (due to tails) and 4PN terms, are still unknown, but the computation of
the 3PN SS terms (not included) has been recently completed [78]. Quartic-in-spin contributions
would also enter at the 4PN order as well. In the left column, χ2 refers to the spin of the neutron
star; since astrophysically realistic values are χ2 ∼ 0.1 at most, we ignore all contributions O(χ22).
At the 2.5PN order, we indicate in parenthesis the leading order contribution of the tidal heating
and torquing of the black hole(s).
computed in this paper are somewhat smaller, even if they are of the same formal PN or-
der. Ultimately, the results of this paper could be incorporated in the EOB formalism with
spins [100–102].
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Appendix A: Generalization of the evolution equations to higher multipolar order
In this appendix, we generalize the multipolar formalism of section II to an arbitrary
multipolar order. This generalization is formal and straightforward, and completely parallels
the derivations presented above (see also [104] for a similar result). It is already present
implicitly in the seminal work of Bailey and Israel [35], but we give here a more explicit
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presentation. We make contact with the results of Dixon’s formalism [27–30] of multipole
moments.
1. Equations of motion and precession
The Lagrangian fomalism is not limited to the octupolar coupling we considered, and
can be extended to include higher-order derivatives of the Riemann tensor as well. Since
an antisymmetrized derivative can be rewritten with a Riemann tensor, we only need to
consider symmetrized derivatives [35]. We therefore assume the generalized dependence
L = L
[
uµ,Ωµν , gµν , Rµνρσ, . . . ,∇(λ1...λn)Rµνρσ, . . .
]
, (A1)
and define the multipole moments
Jλ1...λnµνρσ ≡ βn ∂L
∂∇(λ1...λn)Rµνρσ
, (A2)
which are symmetric in λ1 . . . λn, have the same symmetries as the Riemann tensor on
their last four indices and the additional symmetry Jλ1...λn−1[λnµν]ρσ = 0 due to the Bianchi
identity. βn is a numerical constant. These J moments have therefore the same symmetries
as Dixon’s J moments (see below).
We extend (2.18) to obtain the equation of motion
Dpµ
dτ
= −1
2
Rµνρσu
νSρσ − 1
6
Jλνρσ∇µRλνρσ +
∑
n≥1
1
βn
Jλ1...λnτνρσ∇µ∇λ1...λnRτνρσ . (A3)
The scalar condition (2.8) generalizes to
0 = pµuν + SµρΩνρ − 2
∂L
∂gµν
+
2
3
RµλρσJ
νλρσ
−
∑
n≥1
1
βn
[
4Jλ1...λnντρσ∇λ1...λnRµτρσ + nJλ1...λn−1ντξρσ∇µλ1...λn−1Rτξρσ
]
, (A4)
which in turns implies that the precession equation (2.15) becomes (we recall that it is
independent of the multipolar coulings in its primary form (2.12))
DSµν
dτ
= 2p[µuν] +
4
3
R
[µ
λρσJ
ν]λρσ
−
∑
n≥1
1
βn
[
8Jλ1...λn[ν|τρσ|∇λ1...λnRµ]τρσ + 2nJλ1...λn−1[ν|τξρσ∇|µ]λ1...λn−1Rτξρσ
]
. (A5)
The stress-energy tensor, however, does not seem to admit an immediate generalization.
Additional computations are needed order by order, although they are straightforward.
2. Equivalence with Dixon’s equations of evolution at octupolar order
Dixon developed a covariant and quite general multipolar scheme for extended bodies
(summarized in [27–30]), and obtained equations of motion and of precession as a formal
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serie over multipole moments in the limit of a compact object. He introduces two equivalent
sets of multipoles moments, Iλ1...λnµν and Jλ1...λnµνρσ, with symmetries
Iλ1...λnµν = I(λ1...λn)(µν) , I(λ1...λnµ)ν = 0 ,
Jλ1...λnµνρσ = J (λ1...λn)[µν][ρσ] = Jλ1...λnρσµν ,
Jλ1...λnµ[νρσ] = Jλ1...λn−1[λnµν]ρσ = 0 , (A6)
and additional orthogonality relations to a timelike vector used in their definition [29].
The two sets of moments are related by
Jλ1...λnµνρσ =
1
2
(
Iλ1...λnµ[ρσ]ν − Iλ1...λnν[ρσ]µ) ,
Iλ1...λnµν =
4(n− 1)
n + 1
J (λ1...λn−1|µ|λn)ν . (A7)
Dixon’s equations of motion and precession read (eqs. 168-169 in [30], with a minus sign in
the first term due to the different convention for the Riemann tensor):
Dpµ
dτ
= −1
2
Rµνρσu
νSρσ +
1
2
∑
n≥2
1
n!
Iλ1...λnρσ∇µgρσ,λ1...λn ,
DSµν
dτ
= 2p[µuν] +
∑
n≥1
1
n!
gτ [µI |λ1...λn|ν]ρσg{τρ,σ}λ1...λn . (A8)
Here, the additional notation {τρσ} ≡ τρσ − ρστ + στρ is used, and the gµν , λ1 . . . λn
are “extensions” of the metric tensor, as defined by Dixon for instance in the Appendix 2
of [29]. The first two extensions (and the only ones we will need) are given by (again, with
the opposite sign convention with respect to Dixon’s):
gµν,ρσ =
2
3
Rµ(ρσ)ν , gµν,ρστ = −∇(ρRσ|µ|τ)ν . (A9)
By using these definitions, expanding all the symmetrizations and making a repeated use of
the Bianchi identities, we find agreement with Eqs. (A3) and (A5), identifying Dixon’s
quadrupole and octupole moments with ours, if we fix the numerical constant for the
quadrupolar order at −6 and
β1 = −12 (A10)
at the octupolar order. We adopted these conventional values for these constants throughout
the paper.
It would be interesting to investigate this correspondence between the two formalisms at
higher multipolar order, and to understand better the relation of this two sets of multipoles
which have at the moment different definitions (and which are more general, a priori, in
Dixon’s formalism). We leave this for future work.
Appendix B: Equivalence with ADM/EFT results for the dynamics
In this appendix, we compare our results to previous ones obtained for the dynamics in
the ADM and EFT approach. A few years ago, the authors of [82, 83] determined the leading
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order cubic and quartic in spin reduced Hamiltonians by first studying the case of a test
particle in a Kerr background, and then by imposing the completion of the Poincare´ algebra.
Recently, the work [44] generalized this result (and corrected the quartic in spin sector) to
a general compact object with generic κ, λ (which are denoted CES2 , CBS3 in [44] and called
Wilson coefficients), by extending the EFT approach for spinning objects [36, 39, 59, 61] to
include vertices in the action at higher order in spin. The resulting potential can then be
rephrased as a reduced Hamiltonian, like in the ADM formalism.
The comparison of the two results requires to transform the dynamical variables, as the
gauge as well as the choice of spin variable are different in the ADM and harmonic formalism.
However, the correspondence will be simplified by the fact that we are working at leading
order. In line with the notations of [18, 19], we use an overbar for ADM quantities. The
contact transformation that relates the harmonic positions to the ADM variables is known
to be
y1 = Y1(x,p,S) = x1 − 1
2m21c
3
p1 × S1 +O(4) , (B1)
and it turns out that there are no SS O(4) terms in the transformation13. The transformation
of the spin vectors starts at O(4) for the SO terms and at O(5) for the SS terms. Considering
the relative orders required, we see that the simple contact transformation is all we need,
and that we can ignore the transformation of spins. For the comparison of the equations of
motion, we compute (with {} the Poisson bracket)
V1(x,p,S) = {Y1, HADM} , (B2a)
A1(x,p,S) = {V1, HADM} , (B2b)
and we check that the conversion in ADM variables, using the transformations (B1)
and (B2a), of the harmonic-coordinates energy and acceleration agree with the ADM
Hamiltonian and with (B2b).
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